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Effect of Plane Ground Waves




The effect of plane ground waves on the closed orbit in circular stor-
age rings is studied by computer simulation. Selected elements are dis-
placed vertically. The displacements are computed for plane ground mo-
tion waves with given wavelength and phase. The closed orbit is com-
puted with MAD. Results for the amplification factors are presented and
discussed for simple lattices consisting only of FODO cells, for LEP and
LHC. The expectation values of the orbit offsets for realistic spectra of
ground motion are calculated. For all machines studied, they are orders
of magnitude smaller than the beam radii. Differences in the response to
ground motion waves at harmonic numbers much smaller than the tunes
between simple FODO lattices, machines with symmetrical low- inser-





As a first step in the numerical evaluation of the effect of plane ground motion waves
on the closed orbit in circular storage rings, such as LEP, LHC, or larger colliders,
I have written a program which generates the MAD [1] data needed to compute the
closed orbit for one set of ground motion wavelength, amplitude and phase at a time,
and used it in simulations. The effects of ground motion have already been studied
[2, 3, 4] for other machines.
2 Procedure
The simulation is done with MAD [1] and small FORTRAN programs that compute the
element misalignments and are invoked by SYSTEM calls from MAD. In the DOOM
database [5] version of MAD, this involves the following steps:
 The SURVEY command in MAD uses the standard MAD selection mechanism,
and writes a table of the co-ordinates of all selected elements in the used machine
into the DOOM database. The position and orientation of the machine in the
global MAD co-ordinate system [1] are defined by the initial conditions of the
SURVEY command.
 The horizontal and vertical amplitudes of the ground motion in metres, HAMPL
and VAMPL, their horizontal and vertical phases in units of 2, HPHASE and
VPHASE, and their harmonic number HARMON, are defined in the MAD data
with their compulsory names. Their wavelength  and harmonic number h are
related to the circumference C of the collider by:
 = C=h
 The SYSTEM call from MAD invokes a new program survex which com-
putes the displacement of the selected elements and writes them into the DOOM
database. By convention, the ground waves only depend on the Cartesian co-
ordinate Z in the global MAD co-ordinate system [1].
 MAD executes its commands with the displacements in the DOOM database,
typically it computes the closed orbit, writes it into the MAD listing file, plots it,
and generates an OPTICS file. Table 1 shows the MAD data for reading the ex-
isting database in /scratch/si/keil/LHC4.3, computing the element misalignments
and the closed orbit for one harmonic number h = 1.
The UNIX programs twiss.awk and optics.awk extract the summary lines
with the rms and maximum closed orbit distortions from the MAD listing file, and the
orbit positions at the experimental pits from the OPTICS files. A moderate amount
of manual editing and a run of the awk2csv program brings them into the form of
a comma separated EXCEL file which I process on a PC to obtain the figures. The
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WWW version of this report with figures in colour is available from the CERN preprint
server.
Table 1: MAD data using the existing DOOM database /scratch/si/keil/LHC4.3, com-
puting and plotting the closed orbit, and writing an OPTICS file for h = 1
doom
harmon := 1;
hampl := 0; vampl := 1e-6;






coguess tole=1e-16; twiss save
plot filename="nov16c" haxis=s vaxis=y noline
select optics pattern="IP[1258]"
optics filename="nov16c.o0001" columns name s x y
doom noupdate
stop
3 Results for a FODO Lattice
The simple FODO lattice for this simulation consists of N
c
= 426 cells, with phase







At the first element, the machine is parallel to the X axis, and its centre is at the origin.
Figure 1 shows the vertical rms closed orbit distortions in for this configuration which
are caused by ground motion waves with harmonic numbers 1  h  200 and 1 m
amplitude. The amplification factor, i.e. the ratio between the closed orbit offset and
the ground motion amplitude, quickly rises and reaches a maximum for h  Q, and
then continues to oscillate at fairly high values for h  Q. This observation agrees
with the findings of Roßbach [4].
A simple FODO lattice has the advantage that the closed orbit distortion is available
in closed form [4]. Hence, the simulation program can be checked by comparing its
results with the analytical expressions. If the machine centre is at the origin, the Z
co-ordinates of the exit of the n-th FODO cell in the global MAD co-ordinate system































Figure 1: Vertical rms closed orbit distortions in mm for the simple FODO lattice
caused by ground motion waves with harmonic numbers 1  h  200, 1 m amplitude
and initial vertical phase '
y
= 0:25












are number, length, and bending angle of the FODO cells, respectively, and C is the
circumference of the machine. For vertical ground waves with circular frequency !,
harmonic number h, phase '
y
at the origin, and amplitude y, that only depend on the
Z co-ordinate, the vertical displacement y
n









In first-order perturbation theory, the response of the closed orbit y
0
at the origin s = 0
to the displacement y
n



















=2 is the vertical tune. To halve the length of the equations, I have
assumed that vertically focusing quadrupoles are at the origin and the exits of all cells,
and that the vertically defocusing quadrupoles are not displaced at all. I obtain the
closed-orbit response to the displacement of all vertically focusing quadrupoles by
substituting (2) into (3), summing over n from 1 to N
c























Roßbach [4] showed that one can get the cosine out of the argument of the exponential






































































As noticed by Roßbach [4], the infinite sum in (7) looks more complicated than the
finite sum in (4); however, it shows that a strong orbit response is expected when k has




is close to an integer. Figure 2 shows a comparison of the
vertical orbit distortion at the first vertically focusing quadrupole between the MAD
simulation results and those of (7), taking only the two leading terms with k being
equal to the integral part of Q
y
. A similar comparison between the MAD simulation
results and the first-order theory (3) yields two identical curves.
4 Results for LEP
Figure 3 shows the vertical rms closed orbit distortions for the LEP configuration
M05P80 which are caused by ground motion waves with harmonic numbers 1  h 
200 and 1 m amplitude. LEP is cycled such that IP2 is at the origin of the global
MAD co-ordinate system [1], and rotated such that it is tangential to the X axis at IP2.





= 76:194. Contrary to the results for the regular FODO
lattice, the vertical amplification factor reaches a first peak at h  56, well below Q
y
,
but close to harmonic number h where the wavelength of the ground motion is close
to the betatron wavelength in the arcs of LEP. The vertical amplification factor does
not drop for harmonic numbers h  Q
x
or h  Q
y
. Figure 4 shows a closer look at
the harmonic numbers 70  h  130 and 1 m amplitude. Peaks in the amplification
factors occur at about every four units of tune, the super-periodicity of LEP.
In LEP, it is more interesting to observe the closed orbit at the even pits. Figure 5
shows the results of the simulation for the vertical offsets there. The vertical amplifi-
cation factors are smaller than 4. The vertical amplification factor in IP2 is close to
unity for low harmonic numbers, since the vertical phase is ' = 0:25. Since the elec-



























Figure 2: Vertical orbit distortions at the first vertically focusing quadrupole in mm
for the simple FODO lattice caused by ground motion waves with harmonic numbers
1  h  200, 1 m amplitude and initial vertical phase '
y
= 0, computed with MAD


























Figure 3: Vertical rms closed orbit distortions in mm for the LEP configuration
M05P80 caused by ground motion waves with harmonic numbers 1  h  200,





























Figure 4: Vertical rms closed orbit distortions in mm for the LEP configuration
M05P80 caused by ground motion waves with harmonic numbers 70  h  130,






























Figure 5: Vertical closed orbit distortions at the even pits in mm for the LEP Version
M05P80 caused by ground motion waves with harmonic numbers 1  h  200, 1 m




not affect the offsets between the two beams. Only the interaction point moves, and
this passes unnoticed when the diagnostic instruments and detectors move in the same
manner as the neighbouring magnetic elements.
5 Results for LHC
The collision configuration of the LHC lattice Version 4.3 is easily available. The tunes
are Q
x
= 63:28 and Q
y
= 63:31. The LHC is parallel to the X axis at Pits 1 and 5,






























Figure 6: Vertical rms closed orbit distortions in mm for the LHC Version 4.3 caused




5.1 Effect of ground waves at integral harmonic numbers on LHC
Figure 6 shows the vertical rms closed orbit distortions for the LHC Version 4.3 which
are caused by ground motion waves with harmonic numbers 1  h  200 and 1 m
amplitude. As in the FODO machine and in LEP, the response in the LHC starts at
order unity for low harmonic numbers. The first peak of the LHC response occurs
below the tunes at h = 59, the second peak occurs at h = 72. At the harmonic number
h  62 the ground motion wavelength and the betatron wavelength in the LHC arcs








the amplification factor is smaller, then
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rises again, and oscillates up to high values. On the whole, the peaks of the response
in the LHC are similar to those in LEP.
Also in the LHC, the response of the two rings to ground motion is the same,
since they are in common magnetic elements. However, the response of the orbits is
different, since a focusing quadrupole in one ring is typically a defocusing quadrupole
in the other ring. Hence, the closed orbits in the experimental pits are different, and
the orbit distortions there are a measure of the collision offsets. Figure 7 shows the
vertical closed orbit distortions in the experimental pits of the LHC, respectively. The
vertical amplification factors are less than 6. Their standard deviations are 0.9, 1.0,































Figure 7: Vertical closed orbit distortions in mm in the experimental pits for the LHC
Version 4.3 caused by ground motion waves with harmonic numbers 1  h  200,
1 m amplitude and initial phase '
y
= 0
5.2 Effect of ground waves at fractional harmonic numbers on LHC
Figure 8 shows the vertical rms closed orbit distortions for the LHC Version 4.3 which
are caused by ground motion waves with harmonic numbers 71  h  72 and 1 m
amplitude. The variation is rather small. Figure 9 shows the vertical closed orbit dis-
tortions at the experimental pits for the LHC Version 4.3 which are caused by ground





























Figure 8: Vertical rms closed orbit distortions in mm for the LHC Version 4.3 caused
































Figure 9: Vertical closed orbit distortions in mm in the experimental pits for the LHC
Version 4.3 caused by ground motion waves with harmonic numbers 71  h  72,




5.3 Effect of the ground wave phases on LHC
Figure 10 shows the vertical rms closed orbit distortions for the LHC Version 4.3
which are caused by ground motion waves with harmonic number h = 71 and 1 m
amplitude, as a function of the vertical phase '
y
. The period in the response is half
a unit of phase. The variations of the maximum orbit distortion with the phases are
somewhat stronger than those with the fractional part of the harmonic number. Figure
11 shows the vertical closed orbit distortions at the experimental pits for the LHC
Version 4.3 which are caused by ground motion waves with harmonic number h = 71
and 1 m amplitude, as a function of the phase '
y
. The responses are pure sine waves,
























Figure 10: Vertical rms closed orbit distortions in mm for the LHC Version 4.3 caused
by ground motion waves with harmonic number h = 71, 1 m amplitude and initial
phases 0  '
y
 1
5.4 Effect of the ground wave orientation on LHC
Figure 12 shows the vertical rms closed orbit distortions for the LHC Version 4.3 which
are caused by ground motion waves with harmonic number h = 71, vertical phase
'
y
= 0, and 1 m amplitude, as a function of their orientation, obtained by varying
the  attribute on the SURVEY command of MAD. The period in the response is .




























Figure 11: Vertical closed orbit distortions in mm at the experimental pits for the LHC
Version 4.3 caused by ground motion waves with harmonic number h = 71, 1 m






























Figure 12: Vertical rms closed orbit distortions in mm for the LHC Version 4.3 caused
by ground motion waves with harmonic number 71  h  72, 1 m amplitude,
vertical phase '
y
= 0 and orientations 0  =2  1
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6 Response to ground motion spectrum
Assuming that the plane ground waves at different frequencies are uncorrelated, I write












Here A(h) is the ground wave amplitude at harmonic h, and R(h) is the response – or
amplification factor there, which I have calculated. Assuming that A and R are smooth
















Here gA2(f) is the spectral power density with dimension m2/Hz, C is the circum-
ference of the collider, and v is the speed of the ground waves. From my results, I
conclude that f
0
 vQ=C and that R(Cf=v)  R(Cf
0
=v), a constant, can be taken
















The spectral power densities typically follow a power law gA2(f) / f a, whence the























3 m2/Hz [10] for frequencies above 1 Hz, where f is measured in Hz.
Table 2 shows the consequences for LEP, LHC, and the FODO machine. The minimum
harmonic numbers h
0
and the mean square responses R2 are obtained by reading off
the peaks in Figures 1, 5, and 7. Assuming a ground wave velocity v = 2500 m, close





=C; it is much smaller in the FODO machine since its circumference is
much larger than that of LEP and LHC. Because of the frequency dependence assumed,
the spectral power density gA2(f
0
) is also much larger in the FODO machine. The
higher response R2 in the FODO machine is at least partly caused by the fact that
it is measured in a vertically focusing lattice quadrupole at 
y
= 915 m, and not in










> listed to the vertical RMS beam radii 
y
at the observation point.
For LEP, I assume that the vertical emittance is 2 % of the horizontal equilibrium
emittance 
x
= 42:35 nm at 86 GeV, and that the vertical -function is 
y
= 0:05 m
at the interaction points. For LHC, I quote 
y
from [7]. For the FODO machine, I
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use the vertical RMS beam radius quoted in [8], and scale it from 
y
= 0:5 m to

y




> is more than three
orders of magnitude smaller than the vertical RMS beam radius 
y
at the observation
point, while in the large FODO machine it is still more than two orders of magnitude
smaller.




3 m2/Hz, where f is measured in Hz, in LEP, LHC and the FODO machine
Machine LEP LHC FODO
Circumference C 26.7 26.7 228.5 km





5.6 6.1 1.2 Hz
Spectral power density gA2(f
0
) 0.56 0.44 58 nm2/Hz





> 2.6 3.7 270 nm
Vertical RMS beam radius 
y
6.5 16 56 m
7 Response at low frequencies
Figures 1, 3, and 6 show that the amplification factor is of order unity for harmonic
numbers h  1, and about two orders of magnitude smaller than for h  Q. This is




(f) is proportional to f 3.
At this point, a digression into the definition of the amplification factors R(h) is
in order. I assume that the collider is perfectly aligned with respect to the design
orbit which in turn is perfectly known. When the ground waves hit the collider, the
elements are displaced with respect to the design orbit, and the resulting closed orbit is
measured with respect to this same design orbit. In real colliders of the size considered,
the design orbit is not known to the precision required. However, it is known that
neighbouring elements deviate from a smooth closed curve by, say, 0.1 mm on average.
The closed orbit is also measured with respect to the elements installed, and therefore
more or less with respect to this smooth closed curve.
In order to take this into account in the simulation, the difference between the
closed orbit and the element displacements should be observed. Figures 13, 14, 15
show this difference for the simple FODO machine, LEP, and LHC Version 4.3, re-
spectively, all at harmonic number h = 20. In Figure 13, the difference largely follows
the pattern of the element displacements, remembering that at h = 20 there are about
h= displacement waves across the machine. In Figure 14, the orbit has wiggles with
a frequency close to the tune, but the even pits do not show up. This is different in
14
Figure 15, where there are wiggles with the frequency close to the tune all around
the LHC, and in addition, large anti-symmetrical peaks at the low- interaction points
IP1, IP2, IP5 and IP8. Table 3 shows a numerical comparison between the three ma-
chines. There is a monotonic increase of both the standard deviation and the range of
the difference between the closed orbit and the element displacements from the FODO







































Figure 13: Difference between the vertical element displacement and the closed orbit
distortions in mm for the simple FODO lattice caused by ground motion waves with
harmonic number h = 20, 1 m amplitude and initial vertical phase '
y
= 0:25
Table 3: Differences between element and orbit displacements at 1 m ground motion
amplitude and harmonic number h = 20 in the FODO machine, LEP, and LHC
Machine FODO LEP LHC
Standard deviation 0.021 0.111 1.153 m
Range 0.080 0.400 6.000 m
In a simple FODO lattice, all quadrupoles have the same strength. Displacing them
causes orbits kicks which also all have the same magnitude. In the case of ground mo-
tion at long wavelengths, there will be two quadrupoles, about half a wavelength apart,
which have similar displacements and cause similar orbit kicks, which cancel over
most of the machine. This is the reason for the popular belief that the closed orbit “fol-
lows” the element displacements at long enough wavelengths. In machines with low-







































Figure 14: Difference between the vertical closed orbit distortions and the element
displacement in mm for the LEP version M05P80, caused by ground motion waves
with harmonic number h = 20, 1 m amplitude and initial vertical phase '
y
= 0. The





































Figure 15: Difference between the vertical closed orbit distortions and the element
displacement in mm for the LHC Version 4.3, caused by ground motion waves with
harmonic number h = 20, 1 m amplitude and initial vertical phase '
y
= 0. The
quadrupoles are counted from IP1.
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arcs, because the quadrupoles are stronger and the -values in them are higher. The
quadrupoles on either side of the interaction point are nearly half a wavelength apart.
If the insertion is symmetrical, as is the case in LEP, the kicks from the quadrupoles
on either side on the rest of the machine cancel to a large extent. Figure 14 and Table 3
show how much of the kicks still leaks out of the insertions. There is only a little
cancellation in the anti-symmetrical insertions of the LHC. Observing the closed orbit
in LEP and LHC, caused by displacing the quadrupoles on either one or two sides of a
single interaction point, confirms these statements.
8 Conclusions
A simulation program is described which computes the response of a circular collider
to plane ground waves. Their frequencies are assumed to be small enough that the
closed orbit follows the ground motion adiabatically, and that the only effect is in-
deed the distortion of the closed orbit. The program is written as a co-processor to
MAD, and should be applicable to any collider. Results for a simple FODO lattice, the
M05P80 configuration of LEP, and version 4.3 of LHC are presented and discussed.
For the simple FODO lattice, excellent agreement is observed between the MAD sim-
ulation results and those of first-order perturbation theory.
Using the observed spectrum of ground motion frequencies in the Geneva area, I
find that the RMS orbit offsets are more than three orders of magnitude smaller than
the RMS beam radii at the experimental interaction points in LEP and LHC. For the
larger FODO machine, the offsets are still more than two orders of magnitude smaller
than the RMS beam radius.
Substantial differences are observed and explained between the responses of a sim-
ple FODO machine, LEP and LHC to ground motion waves at wavelengths long com-
pared to the betatron wavelength. In the simple FODO machine, the closed orbit essen-
tially follows the element displacements. In LEP, a machine with symmetrical low-
insertions, the effects of displacing the low- quadrupoles on either side of the inter-
action point cancel to a large extent, resulting in closed orbit wiggles at the betatron
wavelength with an amplitude smaller than the ground motion amplitude. In the LHC,
a machine with anti-symmetrical low- insertions, there is little cancellation, and the
amplitude of the closed orbit wiggles at the betatron wavelength in the arcs becomes
comparable to the ground motion amplitude.
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